Factorization of Darboux Transformations 
2 : of Arbitrary Order 

(N : for Two-dimensional Schrodinger operator 

>>: 



a^ 



^ 



(N 
> 

m 



o 
en 



Ekaterina Shemyakova 
May 21, 2013 



Abstract 



CL(| We prove that a Darboux transformation of arbitrary order d for two- 

dimensional Schrodinger operator can be factored into Darboux transfor- 
mations of order 1 . 

Cy ^ Even for the special case of Darboux transformations of order 2 this 

problem is hard. For this case we have found earlier a rather beautiful 
proof based on the invariantization (we used regularized moving frames 
due to Olver and Pohjanpelto). 

The analogous statement for one-dimensional Schrodinger operator 
was proved in four steps (Shabat, Veselov and Bagrov, Samsonov). In 
this case the factorization is not unique, and different factorizations imply 
^^ ' discrete symmetries related to the Yang-Baxter maps (Adler and Veselov). 

r~^ , The main result of the present paper implies that a Darboux transfor- 

mation of arbitrary form and of arbitrary order d is invertible only in the 
case where it is a Laplace chain. 



1 Introduction 



K/i • Nowadays the theory of exactly solvable one-dimensional and two-dimensional 

; I I Schrodinger operators is inseparable from the theory of one- and two-dimensional 

Cu ' integrable non-linear systems and the theory of Darboux-Backlund transforma- 

tions (the soliton theory) [MS91i iCieOQj . Darboux transformations are defined 
as follows. Operator L transforms into operator Li of the same form but with 

possibly different coefficients {L — > Li) if for some linear partial differential 
operator N we have 

NL = LiM . (1) 

The order of a Darboux transformation as the order of operator M. Note that 
for one-dimensional Schrodinger operator, one can show that N = M. 

A composition of some number of Darboux transformations defined by some 
Mi, i — 1, . . . ,n results in a Darboux transformation defined by M of a more 
complicated form. The reversed statement is not true: a factorization M = 



Ml . . . Mn is necessary but not sufficient for factorization of the corresponding 
Darboux transformation (a factorization of a Darboux transformation means 
a representation of this Darboux transformation as consecutive appUcation of 
Darboux transformations of some simpler form) . 

For one-dimensional Schrodinger operator, which on m} has the form 

L = -dl + U{x) , 

(here U{x) is the potential) the statement about factorization of a Darboux 
transformation into Darboux transformations of first order has been proved in 
four steps. First, it has been proved JVS93) (Theorem 5) in the special case 
when application of Darboux transformations leads to operators Li with the 
potential is different from U{x) by a constant. Couple of years later, it has been 
proved |Sha95] in the special case when the Darboux transformation has order 
two. Then the statement has been proved |BS95| for the arbitrary potentials. 
The authors of the latter have also published follow-up paper |BS97| (Sec. 3) 
filling in some gaps of their previous proof. For one-dimensional Schrodinger 
operator, it has been shown that a factorization of a Darboux transformation 
into elementary Darboux transformations is not unique and different factor- 
izations of the same Darboux transformation implies discrete symmetries of 
the dressing chain, and that those symmetries are related to the Yang-Baxter 
maps |Adl93l IVes03j. 

Darboux's book |Dar89) creates a feeling of certainty that for a two-dimensional 
Schrodinger operator, which on the Euclidean plane M^ has the form 

L={d + h{x, y)) id + a{x, y)) + 2V{x, y) , (2) 

where d — dx — idy, a Darboux transformation of some high order can factored 
into Darboux transformations of order one too. However, though the problem 
is significantly harder than the one for one-dimensional Schrodinger operator, 
no proof, idea for a proof, or even a statement about this can be found in the 
book. 

In the present paper we prove that for a two-dimensional Schrodinger oper- 
ator a Darboux transformation of some high order d can factored into Darboux 
transformations of order one. We note that even the problem for the special 
case of Darboux transformations of order two is hard, and has been solved in 
two steps [Shel2|[SheT3b) . 

The new result implies that a for a two-dimensional Schrodinger operator 
Darboux transformation generated by M of arbitrary form and of arbitrary 
order is invertible if and only if it is a composition of Laplace transformations 
(in this case the Darboux transformation is a Laplace chain). We note that 
for an arbitrary operator L invertible Darboux transformations is not so rare 
situation. Some criteria for those have been obtained in |Shel3aj . 

The paper is organized as follows. In Sec. [2] we outline some few notion 
and results of the theory of Darboux transformations. We consider Schrodinger 
operator in the form (j4]) and remind the result of a previous paper stating 
that studying Darboux transformations it is enough to consider cases when M 



contains only operators deriving with respect to variable x (see ((TT|)). The main 
result of the paper, Theorem 15.21 can be found in Sec. [5] The proof is split into 
two parts. 

In Sec. [3] we consider the case when operators L and M have a common 
element in their kernels. We show that this common element ■0 generates a 
right factor M^ of M; thus, 

M = M'M^ 

for some M' . Then we show that each of M' and M^ generates some Darboux 
transformation, and 

Li !■ 1^^ > 1^1 . 

In Sec. m we consider the case when operators L and M have no common 
elements in their kernels. In this situation we discovered interesting algebraic 
structures (here they serve as a tool for the proof of the main result, but we 
hope that a more general framework can be found for such structures). Thus, we 
have two mappings from ker M to ker N and then we construct a linear operator 
A from ker N to itself: 

L : ker M — > ker N 
iA 
My : ker M — > ker N 

To construct this linear operator we prove (Lemma ), that since ker Ln ker M = 
{0}, then one can choose a basis {zi}, i = 1, . . . , d over C{y) in ker M , such that 
Ui = L{zi), i = 1, . . . , d form a basis in ker A^. Then we can define a C(2/)-linear 
operator A by its action on basis vectors ui: 

A{ui) = Vj , z =: l,...,(i , 

that is 

L : Zj > Ui 

iA 
My : Zj — > Vi 

Then we show that the matrix of operator A is degenerate, from which it can 
be derived that kerM n ker My contains at least one non-zero element. Basing 
on this we prove that 

M = M' ■ My , 

and that 

In Sec. [5] we formulate the main consequence of the theorems that are proved 
in the present paper, namely, that for two dimensional Schrodinger operator ^ 
a Darboux transformation can be represented as consecutive application of first- 
order Darboux transformations. 



2 Laplace and Darboux transformations 

The general two-dimensional Schrodinger operator, which on the Euclidean 
plane M^ has the form 

L={d + b){d + a) + 2V , (3) 

= {d + a){d + b)+2U . 

where a, b, V, U are functions of x and y, and d ~ dx ~ idy, z ^ x + iy. Here V 
is the electric potential, and H = U — V is the magnetic field. The coefficients 
of operator L are defined by these quantities up to gauge transformations 

L — >• e~^ Le^ , 

where f{x, y) is a smooth function. Darboux transformations for two-dimensional 
Schrodinger operator have been intensively studied, see, for example [GMNlOl 
INV97[ ITsaOOj and references therein. 

For brevity of notation, we shall consider the system of coordinates {x,y), 
where two-dimensional Schrodinger operator ([3]) has the form 

L = dxdy + adx + bdy + c , (4) 

where a, b, c are functions of x and y. 

It is easy to establish that for a given operator L, not every M would lead to a 
Darboux transformation. Substituting explicit expressions for M and L into ([T]), 
and comparing corresponding coefficients we have a linear algebraic system of 
equations on the coefficients of Li and N. In the general case, the number 

of the equations in such a system is -^ and the number of unknowns 

is 3 -|- -^ -, which is smaller. And, indeed, there are numerous counter 

examples. For instance, take L = dxdy + 1 and M — dx + x. It is also easy 
to see that for a given operator L and A/, if a Darboux transformation exists 
it is not necessarily unique. However, one can |Dar89) construct a Darboux 
transformation for a given operator L, whenever one has a non-zero "0 G kerL. 
In this case each of the operators 

M^ ^dx- ipxi'''^ , (5) 

M^ ^dy - il^yij}'^ , (6) 

defines a Darboux transformation for L. Obviously, a composition of Darboux 
transformations is again a Darboux transformation with operators M and N of 
higher order. If m -I- n linearly independent and non-zero ^/'i, . . . , ipm+n £ kerL 
then operator M given by 

M(lh) = ( l\n+m ^ni,n(iP,WlT ■ ■ ,iPm+n) ,^-. 

Wm-l,n{i^l,---,i^ni+n) 



defines a Darboux transformation for L. Here, given functions /i, . . . , ft+s then 

/ d^f ... 5*/ dyf ... d^f 



Wt,sif,fl,---Jt+s) = 



ft+s dxft+s ■ ■ ■ d^jt+s dyft+s ■ ■ ■ (y^ft- 



lt-\-s '-'xjt+s • • • ^xJi+s ^-'yjt+s • • • ^yJt-\-s 

(8) 
is the nxn determinant, a (i, s) Wronkian, where t + s — n^l. The constructed 
in such the way Darboux transformation is of order n — I. The same formulas 
works for construction Darboux transformations for operators of the form dxdx + 
adx + bdy + c, where a, 6, c are functions of x and y [TS09| : and for Darboux 
transformations for twisted derivation D satisfying D{AB) = D{A) + a{A)B, 
where ct is a homomorphism is considered (with the only difference that quasi- 
determinants are considered instead of usual determinants) [LNIO' . 

There are also two Darboux transformations of first-order that cannot be 
represented as neither ([S]) nor ^. They are known as Laplace transformations 
and are defined by 

My^dx + b , Mx = dy + a . 

The first transformation requires the Laplace invariant 

k = by + ah - c (9) 

to be not zero, while the second one requires the Laplace invariant 

h — ax + ab — c (10) 

to be non-zero. Applying the Laplace transformation defined by Mx to L one 
obtains some Li — dxdy + aidx + bidy + ci. If we then apply the Laplace 
transformation defined by M' — dx + bi to Li we obtain operator L of the same 
gauge class as the initial operator: 

L = h-^Lh . 

Hence, for an operator L with h ^ and k ^ we have only two chains 
of Laplace transformation: the one generated by application of "A/^ kind" of 
transformations only, and the one generated by application of "Afa, kind" of 
transformations only. 

Laplace transformations are widely used in the soliton theory. See, for ex- 
ample, [NV97| . Darboux transformations other than Laplace ones are rarely 
used so far. However, they are starting to be used in some real applications. 
For example, new Darboux transformations have been being constructed in the 
rapidly developing theory of rogue waves |ACA10|, lASCAlO] . One of the pos- 
sible reasons that Laplace transformations are so much more often chosen over 
Darboux ones in possibly the fact that they are the only two Darboux trans- 
formations of two-dimensional operator Schrodinger operator that arc invcrtible 
(this fact is the consequence of the main result of the present paper and of the re- 
sults of |Shel3a| which studies invertible Darboux transformations for bivariate 
linear partial differential operators or arbitrary order d). 



In this paper we follow algebraic approach introducing some differential field 
K of characteristic zero with commuting derivations dx,dy. Then K[dx,dy] be 
the corresponding ring of linear partial differential operators over K. One can 
either assume the field K to be differentially closed, or simply assume that K 
contains the solutions of those partial differential equations that we encounter 
on the way. Let f € K, and L e K[dx,dy]; by Lf we denote the composition of 
operator L with the operator of multiplication by a function /, while L(f) mean 
the application of operator L to /. For example, dxf = fdx + fx & K[dx, dy], 
dx{f) — fx & K. The second lower index attached to a symbol denoting a 
function means the derivative of that function with respect to the variables 
listed there. For example, fi^xyy — dxdxdyfi. 

If a Darboux transformation exists for a pair (L, M) then some Darboux 
transformation exists for the pair {e~^ Le^ ^e~^ Me^) too (can be proved by 
direct computations). Here f € K. Therefore, there is no need to distinguish 
between Darboux transformations of the same gauge equivalence class. 

Remark 2.1. If a Darboux transformation exists for a pair (L,M), where L is 
of the form (U) then there is a Darboux transformation for pair (L, M'), where 

d 

M'^Y.'"'^^^- (11) 

A proof of this fact is given in |Shel3b| . It is based on two facts. Denote by 
771 the maximum degree of dx in M and by n the maximum degree of dy in M . 
We say that (tti, n) is the bi-degree of M . Then the composition of the given 
Darboux transformation with Laplace transformation with My results in new 
Darboux transformation with some new M' of bi-degree (tti — 1, n+l). While the 
composition of the given Darboux transformation with Laplace transformation 
with Mx results in new Darboux transformation with some new M' of bi-degree 
{m -|- 1, n — 1). The second fact is that if a Darboux transformation exists for a 
pair {L,M), then some Darboux transformation exists for the pair 

(L, M + AL) 

(expansion of a Darboux transformation). This allows us to cancel all the mixed 
derivatives in M . Thus, proving a statement about Darboux transformation for 
some pair (L, M), where L is of the form (j4|) and M G K[dx, dy] is of arbitrary 
order d, it is enough to consider the case where Af is of the form (fTTj). 

3 One Common Solution 

Theorem 3.1. Let 

d 

M = J2m^dl, (12) 

1=0 

rui e K, and ijj G ker Af . Then for some Mi G K[D] 

M ^ Ml ■ {dx - ^x^-') . 



Proof. Using right differential analogue of Horner's scheme we can represent M 

as M = Ml- {dx - -02: -0"^) + r, where r <= K. Then = M{ip) = Mi{ipx - 
tpx) + fi^, and then r — 0. D 

Theorem 3.2. [There is a common soluton] Let for operator 

L = dxdy + adx + bdy + c , 

where a,b,c G K , there be a Darboux transformation L — > Li generated by (J12p 
of arbitrary order d. Let 

Tp e kerLnkerM\{0} . 

Then this Darboux transformation can be represented as a consecutive applica- 
tion of two Darboux transformations of lower orders: 

M^ M' 
L — > L^ > Li , 

where M^ = D^ — t/j^i^"'^ , and L^, M' G ^[-D]- 

Proof. There is a Darboux transformation L — 5- Li generated by (|12p . thus, 
there is some N — uq + nidx + ■ • • + rikd^ that NL — LiM. Let Li = D^y + 
aidx + bidy + ci. Since M{tp) = then by Theorem 13. 1[ there exists such 
operator M' e K[D] that 

M = M'M^ (13) 

for M^ = dx — ipx4'~^- By direct computation one can show that there exists 



M; 



*, 



the corresponding Darboux transformation L — > L^ defined by the operator 
equality 

N^L = L^M^ . (14) 

Note that this Darboux transformation cannot be Laplace transformation since 
it has been proved in [Shel2] that Laplace transformations are (the only) Dar- 
boux transformations of order one that cannot be obtained using Wronskian-like 
formulas d?]). 

To prove the statement of the theorem, we need to prove now that operator 
M' generates a Darboux transformation for L^, and that the result of this 
transformation is Li. That is we need to prove that there exists such operator 
N' € K[D] that N'L^ = LiM'. In other words, we need to show that operator 
LiM' can be written in the form N'L^ for some TV'. We can represent LiM' 
as 

LiM' = N'L^ + R , (15) 

where the most general form for R is 

R = rtdl + --- + ridx + qdy + r , t<d , (16) 

where the coefficients belong to K . This form for R can be indeed reached. 
First, neither N' , nor M' contain any terms with 9y, and the only terms with 
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dy that Li and L^ contain are dxdy and dy. Thus, R cannot contain any term 
involving dy, where k > 2. Secondly, we can always find such R that does not 
contain mixed derivatives because if we have such R that satisfy p^ but does 
contain mixed derivatives, we can divide it from the left by L^ until we have 
R without mixed derivatives. Thirdly, the degree of dx involved in R can be 
maximum d because ord M' = d — I. 

Now we manipulate the obtained equalities: 

N'N^L = N'L^M^ (multiply the equality dH]) by TV'on the left) 

= {LiM' - R)M^ (use ^) 
= LiM'M^ - RM^ 

= LiM - RM^ (use ^) 

= NL- RM^ (use ^) 

This implies 

RM^, = (iV - N'N^)L . (17) 

First, notice that S = N — N'N^ cannot contain terms involving dy as neither 
N, nor N' , N^ contain any terms involving dy. 

Secondly, let ordS* = w. That is w be the largest number so that there be 
a term involving d^ in S. Then operator {N — N'N^)L on the right hand side 
of p7|) contains d^'^^dy with some non-zero coefficient. On the other hand the 
only terms involving dy that RM^ on the left hand side of p7|) may contain 
have the form dxdy or dy (with some coefficients). This implies that w = 0. 
Therefore, S is an element (a function) in K . 

If S is not zero, then P?)) implies a factorization of L : 

a ■ RM^ = L , (18) 

and thus 

which means that the corresponding Darboux transformation (defined by (O) 
is a Laplace transformation, which is impossible. Therefore, S is zero, and thus, 
operator R is an operator of multiplication by zero too. D 

Naturally, analogous to Theorems 13.11 and 13.21 statements can be proved for 
dy and h j^ 0. This means that the following statement will be true. 

Theorem 3.3. Let for operator 

L = dxdy + adx + bdy + c , 

where a,b,c ^ K , there be a Darboux transformation L — ->■ Li generated by (J12p 
of arbitrary order d, then it can be represented as a consecutive application of 
Darboux transformations of order one except for possibly the last one, which is 
either of first order too, or the result of this last transformation is an operators 
of the form dxdy. 

Proof. At every step for the current L either /i 7^ or fc 7^ 0. Then we apply 
Theorem 13.21 or its analogue for h ^i). D 



4 No Common Solutions 

Theorem 4.1. Let ijj E K and f ~ f{y) £ K, then for operator L of the 
form dH) 

HfivW = fiy)LW + f{y){^. + H) ■ 

Proof. The statement can be verified by direct computations. D 

Theorem 4.2. Let operator L of the form (|4]) has a factorization. Thenker LCl 
kcrA/ ^ {0} for the both 

d d 

i=0 i=0 

where rrii G X, i = 0, . . . , d. 

Proof. If i of the form ((H) has a factorization, then in some suitable coordinates 

L = D^Dy . 

Then, in particular, all functions f{x) and g{y) in K are elements of keri. On 
the other hand, the change of coordinates used above would not change the form 
of the operator M. As an ordinary differential operator the latter must have 
some non-zero element in its kernel depending on x or on y only. D 

Theorem 4.3 (No common solutions). Let for operator 

L = dxdy + adx + bdy + c , 

where a,b,c ^ K , there be a Darboux transformation of L generated by 

d 
M^Y."^^^'-- (20) 

Let 

kerLnkerM = {0} , 

then the Darboux transformation can be represented as consecutive application 
of the Laplace transformation generated by My = d^ + b and some Darboux 
transformation of order d — \. 

Proof. Let given Darboux transformation be defined by equality 

iV • i = Li • M , (21) 

where operators Li,N are of the form 

Li = Dxy + aidx + bidy + ci , 

N = no + nidx + • ■ • + uddt , (22) 



To prove the statement of the theorem, it is enough to prove that this Darboux 
transformation can be represented as a consecutive apphcation of two Darboux 
transformations of smaller order: a Laplace transformation defined by equality 

NyL = L^iMy , (23) 

where 

My = a, + 6 , 

where k is one of the Laplace invariants (see ^) and some Darboux transfor- 
mation defined by equality 

N'L^i = LiM' . 

Notice that in this case 

M = M'My , N = N'Ny . 

First of all, we notice that a Laplace transformation defined by (l23l) exists. 
Indeed, kerL n ker A/ = {0} and Theorem 14.21 implies that operator L has no 
factorizations, and hence, Laplace invariant k is not zero. 

Lemma 4.4. Operator Aly defines a C'{y) -linear mapping of (finite- dimentional) 
vector spaces: 

kerM^kerA^: ip ^ My{^) . (24) 

Proof. We shall construct the mapping explicitely. Let z e kcrM. Then 
equality dH]) implies that L{z) G keriV. Since M G Kld^], then {f{y)z) € 
kerM, and L{f{y)z) e keriV. Since N £ K[dx], f{y)L{z) must belong to ker A^ 
too. 

On the other hand, by Theorem 14.11 for arbitrary function f{y) S K we 
have L{f{y)z) = f{y)L{z) + f'{y)My(z). Thus, f{y)My{z) G kerM. Since 
f'{y) is a function depending on y only, and M is an operator in ^[aj;], then 
My{z) € kerM. Thus we have constructed the mapping (|24l) explicitely. 

It is C{y)-lmeai by construction. D 

Thus, we have the following two mappings. 

L:kerM — > kevN (25) 

My-.keiM — > kerN (26) 

According to Lemma 14.41 mapping (|26p is C{y)-\meai. While mapping (pst is 
(in the general case) only C-linear. However, it has another important property 
due to the fact that its kernel contains only zero. 

Consider ker M, the solution space of the ordinary linear partial differential 
operator of order d. It has some C(y)-basis {zi, . . . , Zd}. 
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Lemma 4.5. One can choose a basis {zi\, i — l,...,d over C{y) in kerAf, 
such that Ui ~ L{zi), i ~ 1, . . . , d form a basis in kei N . 

Proof. We shall construct such {zi}, i = 1, . . . ,d hy induction. 

Choose arbitrarily non-zero zi G kerM. Since the kernel of mapping ([25)1 is 
kcrinkerM which is {0} by the condition of the theorem, then ui is non-zero 
too, and the vector space < mi > over C{y) generated by ui is one-dimensional. 

Choose arbitrarily linearly independent with zi (over C{y)) non-zero vector 
Z2 £ ker Af. If U2 is linearly independent with U2, then we proceed with con- 
struction of vector u^. If U2 — A(j/)ui, X{y) ^ then consider also U2 = ^iyi.Z'i). 
There are two cases possible. 

1. Vector vi is linearly independent (over C{y)) with ui. Consider Z2 = 
z\ + yz2- Then using Theorem 14.11 we have 

W2 = L{zx + yz2) = L{zi) + yL{z2) + My{z2) 

= Ui+ yU2 + V2 ■ 

Thus, the vector space < ui,U2 > over C{y) is two-dimensional. 

2. Vector W2 is linearly independent with Mi: V2 = ^{y)ui. Using Theorem r4.1l 
compute 

L{zx + f2{y)z2) = L{zi) + f2L{z2) + f^{y)My{z2) 

= Ul + f2U2 + f2{y)v2 

= ui+ /2A(y)ui + f2{y)fi{y)ui 

= {i + f2\{y) + f'2{y)Ky)hi ■ 

Solving an ordinary differential equation of first order, find f2{y) 7^ that 
makes the multiple term in front of ui equaled to zero. Then zi -1-/2(^)22 7^ 
0, which implies a contradiction with the kernel of mapping (|25p being {0}. 
Thus, this case is not possible. 

Notice that almost the same argument works for the case ti2 = too. In 
this case fi{y) = 0. 

Since the dimensions of vector spaces (over C{y)) ker Af and ker A^ are the 
same, we can guarantee this process can be continued until the desired basis is 
constructed. D 

Using Lemma 14.51 we may assume that {zi}, i = 1, . . . , d is a basis over C{y) 
in ker Af , and Ui — L{zi), i = 1, . . . ,d is a basis in keriV. Consider the space 
of vectors Vi — My{zi), i = 1, . . . , d, a vector subspace in the same vector space 
keriV. 

Now we can define a C(y)-linear operator A by its action on basis vectors 

Uf. 

A{ui) = -Wi , i = 1, . . .,d , 
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that is 

L : Zi y Ui 

My : Zi — > Vi 

Let F = (/i, . . . , fdY, f, G C(y), F e i?(y)'=. Then usmg Theorem O we 
have 

Lifizi + ■■■ + fdZd) = {F + AF')u , 

where F' — (/{,..., /^)^, and u — {ui, . . . ,Ud)^ ■ Consider system of Unear 
ordinary differential equations 

AF' ^ -F 

If matrix A is not degenerate, then this system must have a non zero solution 
vector F=(/i,...,/dr. Then 

Hfizi + ■■■ + fkZk) - . 

Since fizi + • ■ • + fkZk £ keri n ker A/, then /izi + • ■ • + fkZk =J3. But^by 
construction, zi, . . . , Zd are linearly independent, and since F — (/i, . . . , fd)^ 
is a non-zero vector, then fiZi + • ■ • + fkZk cannot be zero. Thus, we have a 
contradiction. 

Thus, matrix A is degenerate, and must have a non-trivial kernel. This 
means that for some vector u G keriV, u ^ we have Au = 0. Since Ui, 
i — 1, . . . , d is a basis in ker TV, then for some U G C{y), i — 1, . . . ,d, where not 
all ti are zeros, we have 

d 



L2 tLl 



Then 

d 

1=1 
Then define 



d 

i=l 



Since not all ti are zeros and {zi}, i — 1, . . . ,(i is a basis over C{y) in kerM, 
then z^Q. Then 

and z e ker M n ker My . 

By Theorem O for some M' e K[D] 

M = M' ■ (a, - z,z-i) . 

Now, notice that 

My{z) ^Zx + bz = , 
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and thus, 

b = -ZxZ~^ , 

and, therefore, 

M = M' ■ My . 

Consider z G kerM n kerMj,. Then ^^ and (gSl) imply that z € ker A^ n 
ker A^j,. With an argument analogous to the one made for factoring M, we can 
show that likewise we have a factorization of N: 

N = N' -Ny 

for some N £ K[D]. 

In this case we can do the following re-writing: 

N -L^Li-M from ^ 

N' ■ Ny ■ L ^ Ll ■ M' ■ My 

N' -L' ■ My = Li ■ M' ■ My from ^ 
{N' ■ i' - Li • M') ■ My = 

Since My is surjective, then N' ■ L' - Li ■ M' = 0. D 

5 Main Result and Consequences 

Theorems p. 21) and (I4.3P together imply the following statements. 

Theorem 5.1. Let for operator 

L = d^dy + ad,, + bdy + c , (27) 

where a,b,c € K , there be a Darboux transformation generated by M G K[dx, dy] 
of arbitrary form and of arbitrary order d. Then the Darboux transformation can 
be represented as consecutive application of first- order Darboux transformations. 

Remark and Theorem implies the following theorem, which is the main result 
of the present paper. 

Theorem 5.2. For two dimensional Schrodinger operator ^ a Darboux trans- 
formation can be represented as consecutive application of first- order Darboux 
transformations. 

A Darboux transformation L — > Li is called invertible [Shel3a| if the cor- 
responding mapping of the linear vector spaces: 

kerL — )■ kerLi : w H> M{w) . 

is an isomorphism, that is if 

kerinkerAf = {0} . 

Darboux transformations generated by M constructed using formulas ([8]) are 
not invertible. 
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Theorem 5.3. A Darboux transformation of ((7f|) generated by M € K[dx,dy] 
of arbitrary form and of arbitrary order d is invertible if and only if it is a 
composition of Laplace transformations. 



Proof. For Darboux transformations generated by ()19p the statement is an 
implication of Theorem [5] 

As it is mentioned in Sec. [2]we can transform a Darboux transformation of L 
generated by M of arbitrary form to a Darboux transformation of L generated 
by M of the form (|19p by means of an operation that we call expansion and by 
factoring out Laplace transformations. In the first case the "new" M has the 
form M + AL, where A £ K[dx,dy]. Obviously, 



ker L n ker M = {0} 



if and only if 



ker L n ker (A/ + AL) = {0} . 
on the other hand, for operators M^ and My generating Laplace transformations 

ker L n ker M^ = {0} and ker L n ker My = {0} . 

D 
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